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ABSTRACT: A phenomenological analysis of radiative V' — P~y and P — V'~ decays is per-
formed with the purpose of determining the gluonic content of the 1 and 1’ wave functions.
Our results show that within our model there is no evidence for a gluonium contribution in
the n, Zg = 0.0040.12, or the 7/, Zg, = 0.044+0.09. In terms of a mixing angle description
this corresponds to ¢p = (41.4+1.3)° and |¢,y| = (124+13)°. In addition, the n-n’ mixing

angle is found to be ¢p = (41.5 £ 1.2)° if we don’t allow for a gluonium component.
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1. Introduction

Very recently, the KLOE Collaboration has reported a new measurement of the ratio
Ry = B(¢ — n'v)/B(¢ — nvy) [l]. Combining the value of Ry with other constraints,
they have estimated the gluonium content of the 7’ meson as Zg, = 0.14 £ 0.04, which
points to a significant gluonium fraction in the 7’ wave function incompatible with zero by
more than 30. This new result contrasts with the former value Zg, = 0.06f8:82, which was
compatible with zero within 1o and consistent with a gluonium fraction below 15% [F].
Both experimental analysis obtain their results using the same set of constraints derived
from other measured ratios, namely! I'(/ — v7)/T(7% — ~v7), T( — py)/T(w — 7°7)
and I'(n’ — wy)/T'(w — 77), as well as Ry. The sole difference between the two analyses,
apart from the obvious improvement in the precision of the new measurements, is the
inclusion in the amplitudes of ref. [l of two extra parameters to deal with the overlap of
the vector and pseudoscalar meson wave functions produced in the transitions V' — P~ or
P — V7, a feature first introduced in ref. [f]. However, the new analysis of ref. [[]] uses
the most recent experimental data taken from ref. [l in association with the values for
the parameters related to the overlap which were obtained in ref. [f] from a fit to available
experimental data at that time. Therefore, a reanalysis of this uncomfortable situation is
needed before drawing definite conclusions on the gluon content of the 1 and 7’ mesons.
The purpose of this work is to perform a phenomenological analysis of radiative V' — P~y
and P — V+ decays, with V = p, K*,w,¢ and P = 7, K,n,n, aimed at determining

!The analysis in ref. [E] did not contain the constraint imposed by I'(n’ — wv)/T'(w — 7°). Nevertheless,
the inclusion of this constraint does not change the main results of the analysis, as seen in ref. []



the gluonic content of the n and 7’ wave functions. Similar analysis were driven in the
seminal work by Rosner [f], where the allowed gluonic admixture in the n was found to
be small, |Z,| < 0.4, but not necessarily zero. The gluonic content of the 1" could not be
established due to the lack of data on ¢ — 7n’vy. Later on, Kou pointed out that the n’
gluonic component might be as large as 26% [fl]. These two works also included in their
analysis the constraints provided by P — vy with P = n,n’. Here, we will not take into
account these decays since they are nicely described in a two mixing angle scheme, as shown
in refs. [ﬂ, . A more recent analysis studying the pseudoscalar glueball-¢¢ mixing from
J/Y (") — VP decays gets |Z,| = 0.042 and |Z,,| = 0.161 [{].

In section [}, we briefly introduce the notation. The model for V Py M1 transitions
to be used in our analysis is presented in section . This model includes the overlap of
vector and pseudoscalar wave functions as a main ingredient [[J]. As stated above, the
use of old values for the overlap parameters in addition to the latest data may be at the
origin of the discrepancy concerning the gluon content of the 1’ between the two KLOE
analyses [I, f]. Section [ is devoted to the data fitting of the most recent V. — Py
and P — V'~ experimental data with the aim of finding the gluonic admixture in the n
and 1’ wave functions. As a matter of comparison with other approaches, a graphical
representation of our main results is shown in section f|. Finally, in section | we summarize
our work and present the conclusions. A decomposition of the mixing parameters in terms
of Euler angles is left for appendix [A].

2. Notation

We will work in a basis consisting of the states |n,) = %\uﬂ + dd), |ns) = |s3) and
|G) = |gluonium). The physical states n and 7’ are assumed to be linear combinations of
these:

n) = Xylng) + Yalns) + Z,|G),  |n') = Xoylng) + Yoy lns) + Zy|G), (2.1)
with X2( )—{— 77(77 )—{—Z ) = = 1 and thus X2( )+ 77(77) < 1. A significant gluonic admixture
in a state is possible only if Z?2 o) = 77(773 n) > 0 [{]. This mixing scheme

assumes isospin symmetry, 7.e. no mixing with m and neglects other possible admixtures
from cc states and/or radial excitations. In absence of gluonium, Z,, = 0, the mixing

parametrization (R.1)) is reduced to the standard pattern in the quark-flavour basis

In) = cos gplng) —sindp|ns), |n') =singplng) + cos gplns) (2.2)

with X;) = Y,y = cos¢p, X;y = =Y = sin¢p, and X2

o) T YnQ(n,) = 1. Similarly, for the

vector states w and ¢ the mixing is given by

lw) = cos Py |wg) —sindy|ds), |P) = sindy|wy) + cos pv|ps), (2.3)

where |w,) and |¢s) are the analog non-strange and strange states of |n,) and |ns), respec-
tively.



3. A model for VP~ M1 transitions

We will work in a conventional quark model context and assume that pseudoscalar and
vector mesons are simple quark-antiquark S-wave bound states. All these hadrons are thus
extended objects with characteristic spatial extensions fixed by their respective quark-
antiquark P or V wave functions. In the pseudoscalar nonet, P = 7, K,n,1n’, the quark
spins are antiparallel and the mixing pattern is given by eq. (B.1]). In the vector case,
V = p,K*,w, ¢, the spins are parallel and mixing is similarly given by eq. (B.3). We will
work in the good SU(2) limit with m, = mg = m and with identical spatial extension of
wave functions within each P and each V isomultiplet. SU(3) will be broken in the usual
manner taking constituent quark masses with ms > m but also, and this is a specific feature
of our approach, allowing for different spatial extensions for each P and V isomultiplet.
Finally, we will consider that even if gluon annihilation channels may induce 7-1’ mixing,
they play a negligible role in V P~ transitions and thus fully respect the usual OZI-rule.

In our specific case of V Py M1 transitions, these generic statements translate into

three characteristic ingredients of the model:

i) A V P~ magnetic dipole transition proceeds via quark or antiquark spin-flip ampli-
tudes proportional to p, = e,/2m,. Apart from the obvious quark charge values,
this effective magnetic moment breaks SU(3) in a well defined way and distinguishes

photon emission from strange or non-strange quarks via mg > m.

ii) The spin-flip V' < P conversion amplitude has then to be corrected by the relative
overlap between the P and V wave functions. In older papers [[[0, [[]] a common,
flavour-independent overlap was introduced. Today, with a wider set of improved
data, this new symmetry breaking mechanism can be introduced without enlarging
excessively the number of free parameters.

iii) Indeed, the OZI-rule reduces considerably the possible transitions and their respective
V P wave-function overlaps: Cs, C, and Cj characterize the (1s|¢s), (nglwq) = (nq]p)
and (m|wy) = (m|p) spatial overlaps, respectively. Notice that distinction is made
between the |m) and |n,) spatial extension due to the gluon or U(1) 4 anomaly affecting
the second state. Independently, we will also need C'k for the (K |K*) overlap between

strange isodoublets.

It is then a trivial task to write all the V' P~ couplings in terms of an effective g = gy, x+:

9pon0y = Gptaty = %g’ Yuwry = g COS dv, Jony = gsin ¢y ,

m
s

IK0K0y = —39 2K <1 . mﬂ) » GKerKy = 392K <2 Tm > ’

Gy = 9 2q Xy , 9o~y = G Zq Xn/ ) (3.1)



1 m .
Gorry = 39 <zq X, cos gy + 2m—zs Y, sin ¢V> ,
S
1 m .
oty = 39 ( 24 Xy cos gy + QHSZS Y,y sinoy |,
1 . m
Gy = §g <zq Xy sin ¢y — QESZS Y, cos ¢V> ,
1 . m
ony = 39\ % X,y sin gy — QEZS Y, cos gy | , (3.2)

where we have redefined z, = Cy/Cr, zs = Cs/Cr and zx = Ci/Cr. The normalization
of the couplings is such that g,ry = g cos ¢y = 2 (b, + 1) Cr cos ¢y = e C cos ¢y /m and
the decay widths are given by

19\2/P
(V- Py)==-""p_|?
(V — Py) 347T\p7!,
g\Q/P 3
[(P—V7y) = —47Tylp»y| , (3.3)

where p,, is the final photon momentum.

4. Data fitting

We proceed to fit our theoretical expressions for the amplitudes in egs. (B.1)), (B-9) com-
paring the available experimental information on I'(V — P#y) and T'(P — V~) taken
exclusively from ref. [[f] with the corresponding decay widths in eq. (B.3). Looking at these
amplitudes, one immediately realizes that the overlapping parameters z, s and the mix-
ing parameters X, ) and Y, () always appear in pairs, namely, z,X, o) and 2z5Y, ).
Constraining these four different combinations will fix four parameters at most. However,
there are five independent parameters to be fixed from them, viz. 2z, ; and the three mixing
parameters related to the most general case of accepting a gluonic admixture in both the
n and 1’ mesons (see below). So, either we fix the z’s to unity and then constrain the three
mixing parameters of the general case, or we leave the 2’s free and then we are restricted
to allow for gluonium either in the 1 or ' wave function only. In the following, we con-
sider these possibilities. Both are interesting since a comparison of their results will allow
us to check the relevance of taking into consideration the overlapping parameters, which
are specific of our approach. Furthermore, leaving the z’s free will permit us to fix the
gluonic content of the 7’ in a way identical to the experimental measurement by KLOE,
that is, under the hypothesis of no gluonium in the n wave function. Unfortunately, due to
the pairing of parameters mentioned above, a simultaneous fit of the z’s and the gluonic
admixture in the n and 7 is not possible.

As shown in detail in appendix [Al due to the orthonormality conditions in
egs. (A.2), (A.3) the mixing pattern of n and 7/ is described by means of three inde-
pendent parameters, which we choose to be X;,, X,/ and Y;,. Accordingly, the parameters
related to the gluonic content, 7, and Z,/, and Y;, are written in terms of the former ones



as

_ 2 2
|Zn )] = \/1 ~ X ~ Yoy

XXy Yy 4 \/(1 — X2 - Y2)(1- X2 - X2)
’7 1- X, '

(4.1)

The mixing parameters can also be expressed in terms of three angles, ¢p, ¢, and ¢y ¢,
the two latter weighting the gluonic admixture in the n and 7/, respectively. Using this
angular parametrization one gets

X, =cosppcosdyg, X,y =singpcosd,yqg— cosPpsing,qsin g, q,
Y, = —sin¢pcosdyc, Y,y =cosopcosd,yqg+singpsind,gsind,yq,

Zy = —singyg, Zy=—sin¢ygcosd,q (4.2)

Fits to experimental data are performed imposing the constraints in eq. ([ or, equiva-
lently, using the decomposition in eq. ({.9).

We start considering the first of the possibilities noted before. Thus, we assume that
the overlap of the P and V wave functions is flavour-independent, i.e. C; = Cs = Cx = Cx
and hence 2z, = 25 = zx = 1. The fit in this case is very poor, x?/d.0.f.=31.2/6. The
quality of the fit gets worse when ¢,g and ¢,/ are set to zero, x%/d.0.f.=45.9/8 with
pp = (41.1 £ 1.1)°.

Clearly, in order to obtain a good fit one has to relax the constraint imposed on the
overlapping parameters. Hence, we begin to discuss the second of the possibilities, that is
to say, to leave the z’s free and restrict the gluon content of the 7 or ' meson. However,
as a matter of comparison, we first consider the absence of gluonium in both mesons,
i.e. oy = ¢y = 0. In addition, we also fix the vector mixing angle ¢y to its measured
value tan ¢y = 4+0.059 4 0.004 or ¢y = (3.4 +0.2)° [ and the ratio of constituent quark
masses to m/ms ~ 1/1.45. The fit in this case is not yet satisfactory, x?/d.o.f.=14.0/7.
The quality of the fit improves when the ratio m/myg is left free, x?/d.o.f.=7.6/6 with
ms/m = 1.24 +0.07. If ¢y is also left free, the final result of the fit gives x?/d.o.f.=4.4/5
with

g=0.72+001 GeV™!, ¢p=(4154+12)°, ¢y =(3.2+0.1)°, (4.3)
me —1.24+0.07, z,=086+0.03, z,=078+0.05, zx=0.89+0.03.

The fitted values for the two mixing angles ¢p and ¢y are in good agreement with most
results coming from other analyses using complementary information (see, for instance,
ref. I3 and references therein). Our value for the pseudoscalar mixing angle also agrees
with the latest measurement from KLOE, ¢p = (41.4 £1.0)° [l. The free parameters z’s
are specific of our approach and are not fixed to one as in previous analyses [I(, [1]. As
mentioned, if we fix the z’s to unity, the fit gets much worse (y?/d.o.f.=45.9/8). This shows
that allowing for different overlaps of quark-antiquark wave functions and, in particular,
for those coming from the gluon anomaly affecting only the  and 7’ singlet component, is
indeed relevant.



Transition — gpp (PDG)  gifp, (Fit 1) giPp, (Fit 2)

P’ —my  0.4754+0.024 0.461 £0.019 0.464 + 0.030
n — pOy 0.41 £0.03 0.41 £0.02 0.40 £0.04
w—mny 0.140 £0.007 0.142 +£0.007 0.143 £ 0.010
7 —wy 0.139+0.015 0.149+0.006 0.146 +0.014
¢ —mny  0.209+0.002 0.209 +£0.018 0.209 £ 0.013
¢ —n'y 0.22 £0.01 0.22 £ 0.02 0.22 £0.02

Table 1: Comparison between the experimental values gy'5. (in GeV~") for the various (V, P) —
(P, V)~ transitions, with P = 7,7/, taken from the PDG [ and the corresponding predictions for

g%}‘P,Y from eqs. ([.g) — Fit 1 — and ([L4) — Fit 2 —.

Finally, the symmetry breaking parameter m,/m which is essential to adjust the ratio
between the two K*-K transitions is affected by large uncertainties due to the difficulty
in extracting the neutral and charged K* — K~ widths from Primakoff-effect analyses.?
For these reasons, we have performed a new fit ignoring the two K* — K+ channels. This
new fit obviously gives the same results for g, ¢py and z, whereas mgs/m and z, always
appear in the combination zsm/ms which is fitted to 0.63 4+ 0.02, in agreement with our
previous values in eq. (JLJ). Therefore, our results are insensitive to eventual modifications
of future and desirable new data on K* — K~ transitions.

In table [, we present a comparison between experimental data for the relevant V Py
transitions with P = 7,7’ and the corresponding theoretical predictions (in absolute value)
calculated from the fitted values in eq. (.). We do not include in that comparison neither
V — 7y nor K* — K~ modes since they are used to constrain the complementary param-
eters g, ¢y, ms/m and zx. The agreement is very good and all the predictions coincide
with the experimental values within 1o. Notice the small experimental error for the gg,,
coupling as compared to the theoretical one, which, as we will see in section [f], serves to
highly constrain the allowed values for the -1’ mixing angle ¢p.

Now that we have performed a fit under the hypothesis of no gluonium we return to
the main issue of this analysis, the phenomenological determination of the gluon content of
the 7 and 1’ mesons. As stated before, a simultaneous fit of the overlapping parameters z; s
and the three mixing angles ¢p, ¢,¢ and ¢,/ is not feasible. Therefore, we first assume
énc = 0, i.e. Z,;, = 0, and then proceed to fit the gluonic content of the 1 wave function
under this assumption. The results of the new fit are?

— -1 s — — o
g=072£001 GeV™!, ™= =12440.07, ¢y =(32+0.1)°, (4.4)

op=(414+13)°, |oya| = (12+13)°,
24 =0.86+£0.03, 2z, =0.79+0.05, zx=0.89=+0.03,

2The neutral and charged K* — K~ transitions have been measured only by one and two experimental
groups, respectively, and seem to need further confirmations [H]

3There is a sign ambiguity in ¢, that cannot be decided since this angle enters into X,/ and Y,/
through a cosine.



with x2/d.o.f.=4.2/4. The quality of the fit is similar to the one obtained assuming a
vanishing gluonic admixture for both mesons (x?/d.o.f.=4.4/5). The fitted values for 2,
and 2, are compatible with those of eq. ([L.3)). The result obtained for ¢y suggests a very
small amount of gluonium in the 1’ wave function, in fact compatible with zero within 1o.
Using eq. (A.G) to calculate Z,; from ¢,y gives |Z,y| = 0.2 £ 0.2. This is one of the main
results of our analysis. Accepting the absence of gluonium for the 1 meson, the gluonic
content of the 7’ wave function amounts to |¢,y | = (12 £13)° or Zf}, = 0.04 £ 0.09.

In other words, our values for ¢p and ¢,y (or Z,) contrast with those reported by
KLOE recently, ¢p = (39.7£0.7)° and |¢yq| = (22£3)° — or ZS, =0.144+0.04 — [1f]. As
indicated in section [ll, a possible explanation of this discrepancy could be the use in ref. [III]
of old values for the overlapping parameters that the present analysis tries to update. In
table [, we also include the theoretical predictions for the various transitions involving n
or 1’ calculated from the fitted values in eq. (4). As expected, there is no significant
difference between the values obtained allowing for gluonium (Fit 2) or not (Fit 1) in the

1’ wave function. Likewise, we predict the value of the ratio

I'(¢p—n'y) 2 2 ( ms Zq tan ¢y )2 <pn’>3
Ry=———2 =cot cos“ gl — ———=—— - 4.5
¢ L'(¢p— ny) op e m zZs sin2¢p Py (4.5)

to be (4.740.6) x 1073, in agreement with the experimental value in ref. [fl], (4.84:0.5)x 1073,
and the most recent measurement by KLOE [l], (4.77 & 0.09stat + 0.19yst) x 1073,

For completeness, we perform another fit assuming from the beginning a null gluonic
content for the 7" meson. Consequently, we fix ¢,y¢ = 0 and leave ¢, free. The results
obtained are the following:

g=072+001 GeV™!, M —12440.07, ¢y =(32+0.1)°, (4.6)
¢p = (41.5+1.3)°, |ppa| ~0°,
2 =10.86+0.04, 2,=078+£0.06, zxg=0.89+0.03,

with x?/d.o.f.=4.4/4. The fitted value for ¢, is very close to zero. For that reason, it
is better to express this value in terms of the more common Z, parameter. As a result,
one gets Z,? = 0.00 £ 0.12, thus showing a vanishing gluonium contribution in the n wave
function. This is a second important result of our analysis which complements the one
discussed after eq. (l.4). To sum up, the current experimental data on V Py transitions
seem to indicate within our model a negligible gluonic content for the  and 7’ mesons.

A final exercise we have done is to check whether the very recent measurements (not
included in ref. [[]) on p,w, ¢ — 1y from the SND Coll. [14] and ¢ — 7'y from KLOE [
modify the results of our analysis. The values of the couplings associated to these new data
are displayed in table . As shown, the central values are nearly the same as those from
ref. [{], except for p — 1y, whereas the errors for p,w, ¢ — 17y are comparable to the world
averages and the error for ¢ — 71’y is reduced by a factor of three. Assuming absence of
gluonium in the 7 and 7’ wave functions the results of the fit are

¢p=(427+0.7)°, 2z, =083+0.03, 2z, =0.79+0.05, (4.7)



Transition gy p (latest) gi'p,(Fit 3)  gifp. (Fit 4)
oV — ny 0.429 £ 0.023 0.436 £0.017 0.437 £0.028
0 — % 041+0.03 (PDG)  040+0.02  0.40 = 0.04
w — Yy 0.136 £ 0.007 0.134 £0.006 0.134 £ 0.009
7 —wy 0.139+0.015 (PDG) 0.146 +0.006 0.146 + 0.013
o —ny 0.214 £ 0.003 0.214 £0.017 0.214 4+ 0.012
o —ny 0.216 £ 0.005 0.216 £0.019 0.216 £0.018

Table 2: The same as in table [] but for 9$]P7 from egs. (.7) — Fit 3 — and (.§) — Fit 4 —
compared to the latest g'p. (in GeV~!) from refs. [fl, [L4).

with x?/d.o.f.=4.0/5. Accepting now a gluonic admixture only in the 7/, one obtains

op= (426 +1.1)°, |pyal=(+21)°, 2, =083+0.03, 2z, =0.79+0.05, (4.8)

with x2/d.o.f.=4.0/4. The values of the remaining parameters are the same as in eqs. (£.3)
and ([£4)), respectively. As one can see, the central values for the mixing angle ¢p slightly
increase while the ones for ¢,/ (or Zg, = 0.01 £ 0.07) and z, decrease. However, in both
cases the quality of the fit is as good as it was when only the experimental data provided
by ref. [] were considered. Moreover, the fitted values of all the parameters are compatible
within 1o with those of egs. ([.d), (£:4). The corresponding theoretical predictions for the
gv p couplings with P = 5,7’ calculated from the fitted values in eqs. () — Fit 3 —
and (.§) — Fit 4 — are also shown in table J. Note in this case the small experimental
error for ge,~ which will constrain even more the allowed values for Zg/ (see section [f). In
conclusion, the latest experimental data seem to confirm the null gluonic content of the n
and i’ wave functions.

5. Comparison with other approaches

Our main results can also be displayed graphically following refs. [, fl, fj. This will
serve us to present the bounds obtained using our approach and compare them with other
approaches. Very briefly, the analysis of ref. [{] is based on the SU(3) quark model supple-
mented by the SU(3) breaking parameter m/mg dealing with the difference of the down and
strange quark magnetic moments but without taking into account the vector mixing angle
¢y or the different vector-pseudoscalar overlapping parameters, both specific features of
our approach. The experimental analysis of ref. [|l] is based on the same approach including
the latter two features. Finally, the analysis of ref. [f] utilizes the SU(3) quark model and
the vector meson dominance model (VMD). In this framework, the transition amplitudes
are expressed in terms of masses and decay constants affected by SU(3) breaking effects.
In figure [, we plot the regions for the X,, and Y}, parameters which are allowed by the
experimental couplings of the p — 177y, w — 7y and ¢ — 7y transitions (see table [i). The
limits of the bands are given at 68% CL or 1o. For the rest of the parameters involved in
the determination of the allowed regions we have used the fitted values for g, ¢y, ms/m,
24, %5, and zg from eq. (E-6). In addition to the bands, we have also plotted the circular
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Figure 1: Constraints on non-strange (X,) and strange (Y,) quarkonium mixing coefficients in
the 7 as defined in eq. (E) The circular boundary denotes the constraint Xﬁ + Y772 < 1. The

mixing solutions corresponding to the 7 being a pure octet (X, = _%Yn = %) — open circle

—and (X, =Y, = \%) — closed circle — are shown. The straight lines for the upper and lower
bounds of the mixing solution in absence of gluonium, ¢pp = (41.5 £ 1.2)°, are also shown. The
vertical and inclined bands are the regions for X, and Y;, allowed by the experimental couplings of
the (p,w, ¢) — 1y transitions in table El

boundary denoting the constraint X% + Yn2 < 1 as well as the favoured region for the
n-n’ mixing angle assuming the absence of gluonium, 40.3° < ¢p < 42.7°, obtained at 1o
from the corresponding fitted value in eq. (.J). As one can see, there exists a perfect
intersection region of the three bands located precisely on the circumference at the region
preferred by the mixing angle, thus indicating a vanishing gluonium contribution in the 7
wave function, i.e. |Z,| = 0. The small size of the intersection region, mainly due to the
small experimental error in the g4, coupling, and its precise location on the circumference
gives strong evidence in favour of the former statement. Notice also the importance of
considering the vector mixing angle ¢y different from zero, which translates into a finite
slope for the (w, ) — 1y bands, in the result obtained. This contrasts with the analysis of
refs. [, f] where the vector mixing angle was not taken into account at that time because
their effects were covered by the bigger experimental errors of the bands. With the present
available experimental data, fixing the value of this angle to zero would have lead to an

incompatible solution for the three bands. For completeness, the points corresponding
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Figure 2: Constraints on non-strange (X,/) and strange (Y,/) quarkonium mixing coefficients in
the 7. The mixing solutions corresponding to the 1’ being a pure singlet (X, = V2V, = %)
— open circle — and (X,y =Y, = %) — closed circle — are shown. The vertical and inclined
bands are the regions for X,  and Y, allowed by the experimental couplings of the n" — (p,w)y
and ¢ — n'~ transitions.

to the 7 being a pure octet (X, = _%Yn = %) and the “democratic” mixing solution
(X, =Y, = %) are also shown in figure [l| as an open and closed circle, respectively. The
latter solution, which is now excluded, was still acceptable in the analysis of ref. [{], where
the upper bound |Z,| < 0.4 was obtained from the processes (p,¢) — 7y and n — 7.
In ref. [f], after correcting some inconsistent data, there was no region where all three
constraints, coming from the (w, ) — 1y and n — v decays, overlap.

The situation is not so constrained for the 1’ as we proceed to discuss. In figure [,
we plot the regions for the X,, and Y,/ parameters which are allowed by the experimental
couplings of the ' — pv, B’ — wvy and ¢ — 7'~ transitions. The remaining parameters
are taken from eq. (f.4). Again, we also plot the constraint implied by Xg, + YnQ, <1
and the favoured region for the n-n’ mixing angle in absence of gluonium. This time there
exists an intersection region of the three bands inside and on the circumference. As most
of this region is interior but close to the circular boundary it may well indicate a small but
non necessarily zero gluonic content of the n/. Indeed, we have found Zg, = 0.04 £ 0.09
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Figure 3: The gray ellipse in the (¢p, Zg/) plane corresponds to the allowed region at 68% CL
of the solution in eq. (@) — left plot — and eq. () — right plot —, respectively, assuming
the presence of gluonium. The different bands are the regions for ¢p and Zf], allowed by the
experimental couplings of the n’ — pvy (dashed line), ' — w~y (dot-dashed line), ¢ — 7y (dotted
line), and ¢ — n'y (solid line) transitions in table m — left plot — and table E — right plot —,
respectively.

(or |Z,y| = 0.2 £0.2) or using the angular description |¢,/g| = (12 £ 13)°. The size of
the error is precisely what prevent us from drawing a definite conclusion concerning the
amount of gluonium in the ' wave function. More refined experimental data, particularly
for the ¢ — 7~y channel, will contribute decisively to clarify this issue (see below). Clearly,
the inclusion of this process is of major importance for the determination of the gluonic
admixture in the 7/, as observed for the first time in ref. [{]. In this latter analysis, where
17 — py and n’ — 77 were used in addition to different values for ¢ — 1+, the absence of a
significant constraint on Y,, was keenly felt. However, the mixing solution X,y =Y,/ = %
— closed circle in figure f| — was still acceptable. It was not the case for the solution
identifying the 7’ as a pure singlet, X,y = \/§an = %, — open circle in figure . In the
present analysis, the “democratic” mixing solution is excluded at the 1o level whereas the
singlet solution is clearly excluded. In ref. [, where 7 — w~y was also included in the
analysis, the maximum gluonic admixture in the 7’ was obtained to be 26% for p = —11°
(or ¢p ~ 44°). In our case, for Zf,, = 0.04 £ 0.09, one gets R = ﬁ = (13 £ 13)%
for pp = 41.4° (or §p = —13.4°). The same analysis also anticipated that the existence
of a gluonic content for the 7" would be excluded for large |#p| (or small ¢p). Finally, the
KLOE analysis in ref. [[]] has found a solution allowing for gluonium with ¢p = (39.7+0.7)°
and Zg, =0.144+0.04 — or |¢yg| = (224 3)° —, in disagreement, particularly for the Zg,
value, with our results. A second analysis without the constraint from the ' — py decay,
which is the less precise, gives ¢p = (39.84+0.8)° and Zg, = 0.134+0.04, thus not modifying
their conclusions. To make this difference more graphical, we follow ref. [l and plot in
figure | — left plot — the constraints from 7’ — (p,w)y and ¢ — (n,7')y in the (¢p, Zf],)
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plane together with the 68% CL allowed region for gluonium as obtained from eq. ({£4).
The point corresponding to the preferred solution, (¢p, Zg/) = (41.4°,0.04), is also shown.
The allowed region is very constrained in the ¢p axis by the experimental value of the ggy.,
coupling, whose vertical band denotes its non dependence on Zg,. The other three bands,
all dependent on ¢p and Z721” constrain the amount of gluonium down to a value compatible
with zero within 1o. As mentioned before, our result differs from the KLOE’s one, where
(op, Zg,) = (39.7°,0.14) is the preferred solution and the allowed region for gluonium is
far from the ¢p axis (see figure 5 in ref. [). The value compatible with zero we have
obtained for the gluonic content of the n’ wave function is fully confirmed from a graphical
point of view as soon as one includes the latest measurements of the ¢ — (n,7')y decays
from refs. [[l, [4]. As seen in figure | — right plot —, the allowed region for gluonium
decreases due to the smaller experimental error of the g4, coupling (although the error
of ggny increases a little) and its central point (the preferred solution) is now located at
(op, Z727,) = (42.6°,0.01), even much closer to the ¢p axis than before.

In all the other approaches discussed so far, the decays (n,7') — 77 were also included
in the analyses. As shortly stated in section [, in our approach we do not take into account
these processes since they are well explained using a two mixing angle scenario [fl, §.
Nevertheless, our framework can be extended to describe P® — v decays in a similar way
to V. — P~ and P — V~. In such case, the needed ratios of decay widths are found to be

Plo—v) _1(my " (. o 2™y, 2 (5.1)
= = z —Z :
(% —~y) 9 = ms ")

T =) 1 my\° (. m_ o\’
_— = = — 5%, X,y 2—2. Y.
[(7 — 47) 9 \myo g Ay ¥ \/_ms “st ’

where, in addition to the parameter m/mg related to the different quark spin-flip effects of
the emission of one photon, we have to introduce two new SU(3) breaking parameters, Z, =
C'q / C, and 3, = C, / C,, dealing with the spatial wave functions effects of quark-antiquark
annihilation into the other photon. These new parameters are analogous to the overlapping
parameters, z, and zg, of the V Py transitions, and for the same reason, the U(1) 4 anomaly,
we also distinguish between the quark-antiquark annihilation effects in |7) and |n,). For
comparison, in ref. [fj] the former SU(3) breaking effects are not considered, i.e. Z, = Z; = 1
and m/mg = 1, while in ref. [ff], where the P® — v decays are characterized by means of

pseudoscalar decay constants, one identifies J]:—: =z, and J{C—i = Mz -1 Asseen in eq. (B.1),
these ratios are not useful for fixing, within our approach, the mixing parameters of the n-n’
system since they also depend on the unknown values of Z, and Z;. However, in order to
check the consistency of this extended framework, one could use for the mixing parameters
and m/mg the results obtained from the analysis of V' — P~ and P — V= decays and
then fix the values of Z, ; from the two ratios under consideration. In this case, one gets
%, = 0.9620.03 and Z, = 0.79£0.13 and hence f, = (1.05+0.03) f, and f, = (1.57£0.28) f,.,
in agreement with the values f, = (1.1040.03) f; and fs = (1.66+£0.07) fr found in ref. [,

thus showing the consistency of the mixing parameters obtained and of the whole approach.
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6. Summary and conclusions

In this work we have performed a phenomenological analysis of radiative V' — P~ and
P — V+~ decays with the purpose of determining the gluon content of the n and 1’ mesons.
The present approach is based on a conventional SU(3) quark model supplemented with two
sources of SU(3) breaking, the use of constituent quark masses with my > m, thus making
the V P~ magnetic dipole transitions to distinguish between photon emission from strange
or non-strange quarks, and the different spatial extensions for each P or V isomultiplet
which induce different overlaps between the P and V wave functions. The use of these
different overlapping parameters — a specific feature of our analysis — is shown to be of
primary importance in order to reach a good agreement.

Our conclusions are the following. First, the current experimental data on V P~y tran-
sitions indicate within our model a negligible gluonic content for the 1 and 7’ mesons,
Z% = 0.00 £ 0.12 and Zg, = 0.04 £ 0.09. Second, accepting the absence of gluonium for
the 7 meson, the gluonic content of the 7" wave function amounts to |¢,¢| = (12 + 13)°
and the n-n" mixing angle is found to be ¢p = (41.4 &+ 1.3)°. Third, imposing the absence
of gluonium for both mesons one finds ¢p = (41.5 £+ 1.2)°, in agreement with the former
result. Fourth, the latest experimental data on (p,w,®) — 0y and ¢ — 1’y decays confirm
the null gluonic content of the n and 7’ wave functions. Finally, we would like to stress
that more refined experimental data, particularly for the ¢ — 1’y channel, will contribute
decisively to clarify this issue.
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A. Euler angles

In presence of gluonium, the wave functions of the n and 1’ mesons and the glueball-like

state ¢ can be decomposed as

n) = Xn”?q> + Yn‘778> + Zn‘G> ) (A.1)
|77/> = Xn’|77q> + Yn’|778> + Zn’|G> )
’L> = XL‘TIQ> + YL’775> + ZL’G> s

where |n,) = %hm +dd), |ns) = |s5) and |G) = |gluonium). The ¢ or 7(1440) state,
which we refrain from discussing here, could be identified with the 7(1405) pseudoscalar

resonance (see ref. [} for details). The nine coefficients in eq. (A.1]) are constrained by
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three normalization conditions

X2+Y + 7 =1, (A.2)
X727/+Y772l+Z72]/ — 1,
XP+ Y2+ 27 =1,

and three orthogonality conditions

Xy Xy + Yy + ZyZy = 0, (A.3)
X, X, +Y,Y, + Z,Z, = 0,
Xy X, +YyY, + ZyZ, =0 .

Altogether implies that only three independent parameters are required to describe the
rotation between the physical states (1, n’ and ¢) and the orthonormal mathematical states
(ng, ns and G). The rotation matrix can be written in terms of three mixing angles, ¢p,
¢nc and ¢, which would correspond to the three Euler angles for a rotation in real,
three-dimensional space. Explicitly,

n C¢PC¢nG _5¢PC¢nG _S¢nG Tlq

n | = | sopcodya — copsoyastna copchdya + sOpShyaSdng —sbyacdna ns |,

L 3¢P3¢n/G + C¢Pc¢n’G3¢nG’ C¢Ps¢n’G - 3¢Pc¢n/G3¢nG’ C(ﬁn/GC(ﬁnG G
(A.4)

with (¢, s) = (cos,sin). In the limit in which ¢, = ¢,y = 0, the gluonium decouples and
the former matrix reduces to the usual rotation matrix describing n-7" mixing,

n\ _ [cosgp —singp | (7
(77') B <SiD¢P COS¢P> (UZ) ’ (A.5)

where ¢p is the n-n’ mixing angle in the quark-flavour basis related to its octet-singlet basis
analog through 6p = ¢p — arctan /2 ~ ¢p — 54.7°. An interesting situation occurs when
the gluonium content of the 7 meson is assumed to vanish, i.e. ¢, = 0. In this particular

case,
X, = cos¢p, Y, = —sin¢p, Zy =0, (A6)
X,y =singpcospyg, Yy =cosopcosoyg, Zy=—singyq.
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